the prices of state-securities (sometimes called state-contingent claims, pure securities or Arrow-Debreu securities), securities that pay off one unit of the numéraire if and only if a particular "state of the world" (or "state of nature") occurs at some point of time.
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In "nuclear" financial economics, the elementary particles are represented by Arrow-Debreu securities.
2 Even if they were created in a purely theoretical framework, these securities can be used to deal with practical applications: 3 
Given the enormous informational content that ArrowDebreu prices possess and the great simplification they provide for pricing complex state-contingent securities such as options and other derivatives, it is unfortunate that pure Arrow-Debreu securities are not yet traded on any organized exchange.
The wishes expressed in the above quote are now coming true with the ever growing diffusion of prediction markets (sometimes called information markets or event markets), i.e. markets where contracts on specific events are traded. The archetype of these markets is given by the Iowa Electronic Market (IEM), cited by Vernon Smith in his Nobel lecture. 4 In the IEM, state-securities on electoral events and target rates of the Federal Reserve are traded. For instance, in the year 2008, participants were able to place a bet at price P O that would pay $1 if Barack Obama were elected and $0 if not, or otherwise to place a bet at price P M that would pay $1 if John McCain were elected and $0 if not. 5 In our example, P O and P M can be referred to as "ArrowDebreu (A-D) prices" or state-prices, i.e. prices of A-D securities, even if this is not strictly correct. Arrow-Debreu securities pay off $1 only in a single state of the world and $0 in all the remaining states, while the IEM does not trade securities which would pay off only if Obama won, the FED target rate was 1%, the S&P500 was 1,500, etc.
Arrow-Debreu securities are not generally traded, but they are often embedded in standard securities -from which they may sometimes be stripped. Therefore, the Arrow-Debreu prices are determined implicitly by traders to form the prices of securities traded in capital markets.
One of the most interesting fields of financial economics concerns the techniques used to extract information from the prices of securities and derivatives. The market is like a tool that continuously interrogates millions of people on their subjective probabilities and risk attitudes to synthesize the poll's results in the form of prices. By solving the so-called inverse problem, it is possible to extract the estimates of these probabilities and attitudes from market prices. 6 In fact, our goal is to extract the Arrow-Debreu prices from the quotes of S&P500 options listed on the Chicago Board Options Exchange.
The structure of the article is as follows: in Section 2 we examine the relations between arbitrages and Arrow-Debreu prices. This is important because, according to the first fundamental theorem of financial economics, Arrow-Debreu prices exist if and only if there are no arbitrage opportunities. 7 Therefore, before estimating Arrow-Debreu prices, it is necessary to check that the data are arbitrage-free.
In Section 3 we consider two models which seem to be consistent with the market prices of index options: the constantelasticity-of-variance (CEV) model and the Merton model.
Finally, in Section 4 we estimate the parameters of the Merton-Geske model. Some conclusions follow.
-Arbitrages

Definition and Examples
The definition of arbitrage given by Philip H. Dybvig 
A Numerical Example
Now we will extend an example used by Mark Rubinstein to give a numerical illustration of the various concepts that intertwine with arbitrages: present value, subjective probabilities and risk-neutral probabilities, utility functions and risk-aversion coefficients, Arrow-Debreu prices (or state-prices), stochastic discount factors (or the pricing kernel), volatility bounds.
The example concerns the valuation of a homeowner earthquake insurance policy.
11 The policy has a 1-year maturity and the premium is paid immediately.
The valuation procedure consists of the following steps: 1. to declare the subjective probabilities for the various possible states of nature (represented by different earthquake intensities);
2. to choose a utility function (generally a function belonging to the family of power functions) and to declare the degree of risk aversion;
3. to determine the risk-adjustment factors to be used to adjust the subjective probabilities; 4. to calculate the risk-neutral probabilities as products of the subjective probabilities and the risk-adjustment factors;
5. to calculate the Arrow-Debreu prices as products of the risk-neutral probabilities and the discount factor; 6. to derive the insurance policy's value as the weighted sum of the Arrow-Debreu prices, with weights equal to the insurance policy's payoffs.
In addition, the example allows us to check: 1. the equivalence of the above method and the approach based on the pricing kernel [a synonym for stochastic discount factors, defined by the ratio between the Arrow-Debreu prices and the subjective probabilities];
2. a lower bound for the kernel's volatility. It should be stressed that the derivation of risk-adjustment factors, state prices, etc. from the homeowner's utility function is correct only if the homeowner's utility function is the utility of the representative investor -the "hypothetical agent who holds the market portfolio of all assets."
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Payoffs and Subjective Probabilities
In Table 1 five, mutually exclusive and exhaustive, "states of nature" have been reported. These states, measured on the Richter scale, offer a full description of the world's relevant aspects.
Arbitrages and Arrow-Debreu Prices G. BARONE The policy's payoffs, i.e. the amounts, z, payable as compensation for the damage caused by the earthquake, increase as a function of the latter's intensity.
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The subjective probabilities, π, are personal degrees of belief associated by the homeowner with each state. Naturally, for π's to be probabilities, they must all be non-negative real numbers and sum to one.
One might think that the present value of the insurance policy would be its expected payoff discounted to the present by the oneyear risk-free rate of return, r:
where E is the "expected value" operator.
So if r = 0.05, the value of the insurance policy would be:
However, this approach fails to consider risk aversion.
Utility Function
To take risk aversion into account, one has to calculate the risk-adjustment factors, f, needed to modify the subjective probabilities. The procedure is as follows:
1. to determine the marginal utilities of wealth, U W , for each single state; 2. to calculate the risk-adjustment factors, f, as products of the marginal utilities and an arbitrary constant c (f ≡ cU W ), so that the sum of probabilities, π*, defined by:
is equal to one.
By means of this calibration, the π* may be considered as Let's suppose that the elasticity, γ, is equal to 0.5. Then the marginal utility of wealth is W γ -1 = W -0.5 . As reported by Table 2 , the marginal utility of $1 increases as wealth diminishes.
As mentioned earlier, the risk-adjustment factors, f, needed to modify the subjective probabilities, π, were derived by multiplying the marginal utilities, U W , by an arbitrary constant, c. In order to drive the sum of probabilities π* ≡ f π to 1, we put:
probabilities. In fact, they are all non-negative (since the marginal utilities are positive) and sum to one (because of the arbitrary constant).
To apply this procedure, let's suppose that the wealth of the homeowner is $100,000 in the first state of nature, which is the "rich" state, where he does not suffer any damage caused by earthquakes (Table 2 ). In the other states of nature, his wealth diminishes proportionally to the damage caused by the earthquakes (supposedly equal to the policy's payoffs). Note: by hypothesis, the elasticity, γ, of the utility function is equal to 0.5. The arbitrary constant, c, needed to define the risk-adjustment factors, f, is equal to 314.2194.
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(2)
Solving (2) with respect to c gives:
The actual value of the insurance policy can be determined by using the following formula:
where E* is the operator "expected value" in a risk-neutral world.
By using the probabilities π*, the value of the insurance policy is equal to:
The actual value ($1,114.85) of the policy is much higher than the value ($952.38) we obtained earlier when we did not take into account the homeowner's risk aversion.
The effects of risk aversion were absorbed by the probabilities π*. Therefore, the expected payoff was discounted using the riskfree interest rate (without making any further adjustment for risk aversion). This is the reason why the probabilities π* are called risk-neutral probabilities. It should be stressed that the riskneutral probabilities are generally different from the subjective probabilities.
Arrow-Debreu Prices
The Arrow-Debreu prices (or state-prices), q, are equal to the product of the risk-neutral probabilities, π*, and the discount factor, 1/(1 + r): 
By using the state-prices, the valuation formula (3) for the insurance policy becomes:
Given the q's of Table 3 ,
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By writing the formula in this way, it is natural to interpret the q's as prices of Arrow-Debreu securities which pay $1 only if a certain state of nature occurs and $0 otherwise.
In particular, it should be noted that:
and that, in our example: This equality has a simple economic interpretation: the value of a portfolio that pays $1 in each and every state is the value of receiving $1 for certain, or 1/(1 + r). Therefore, although they are non-negative, the state-prices q are not probabilities because they do not sum to one (unless, of course, r = 0).
The Pricing Kernel
What we have seen so far can be summarized as follows: 1. using subjective probabilities, π, considers only personal beliefs;
2. using risk-neutral probabilities, π*, considers the joint effects of both beliefs and risk aversion;
3. using state-prices, q, simultaneously takes into account beliefs, risk aversion, and time.
The present value can be calculated in many different ways. The most frequent formulation is now is based on the pricing kernel, ϕ.
The pricing kernel, synonymous with stochastic discount factors, is defined by the ratio between the Arrow-Debreu prices, q, and the subjective probabilities, π:
By substituting q = ϕπ in (5), the value of the insurance policy is:
and, given the values reported in Table 3 , Besides, if π and q in (6) are substituted by (1) and (4), the pricing kernel, ϕ, can also be represented as the ratio between the risk-adjustment factor, f, and the riskless return, 1 + r: 
Volatility Bounds
Let r i be the rate of return of the i -th Arrow-Debreu security (i = 1, 2, …, 5) and E(s i ) the risk premium or excess rate of return with respect to the risk-free interest rate. Let s be the vector of excess returns, s i ≡ r i -r:
If there are no arbitrage opportunities, the value of a portfolio which pays s i , i.e. the rate of return r i in exchange for r, must be null. Therefore:
where ϕ is the pricing kernel.
Since, by definition, the covariance between ϕ and s is:
equation (7) can be written as:
so that: ...
s E E s E s E E s E E s E E
+ = − − + ϕ ϕ ϕ ϕ ϕ ( ( ) ( ) ( ) ( ) s E s E E s = − ϕ ϕ E s ( ) ϕ = 0
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In order to check whether the lower bound (11) holds for the data of our numerical example, first of all we have to calculate the mean and the standard deviation of the pricing kernel (Table 4) .
Besides, since -by definition -the absolute value of the correlation coefficient must be lower than or equal to 1, we have:
Finally, using (10) we can derive the lower bound of Hansen and Jagannathan (1990) for the volatility, σ ϕ , of the kernel: These two values are, respectively, equal to:
Then, using the following formula, we calculate the rates of return, r i , of each single element of the policy:
where z is the payoff of the policy and V is its current value.
Next we calculate the excess rates of return s i ≡ r i -r and the expected value E(ϕs) which, as requested by Equation (7), is actually null.
Then we calculate the mean, E(s), and the standard deviation, σ s , of the excess returns, which are, respectively, equal to:
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The covariance between the pricing kernel, ϕ, and the excess rates of return, s i , is:
Now we can check both (8) and (9) 
-Arrow-Debreu Prices
State-Price Density (SPD)
The state-price density (SPD), i.e. the density function of Arrow-Debreu prices, can be estimated from the prices of marketable securities, as has been suggested by Ross (1976) , BanzMiller (1978) and Breeden-Litzenberger (1978) .
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In the Black-Scholes-Merton model, where it is assumed that the dynamics followed by the stock price is given by an Itô process (a geometric Brownian motion), i.e. a stochastic process in continuous time for a continuous variable, the state-price density is continuous and the state-securities pay $1 if the state is between x and x + dx. Breeden-Litzenberger (1978) proved that the state-price density is equal to the second derivative of option prices with respect to the exercise prices. 16 17 In fact, the second derivative of the call's price with respect to the exercise price is the limit of the incremental ratio [c(K -ΔK) -2c(K) + c(K + ΔK)]/(ΔK) 2 . If K 1 = K -ΔK, K 2 = K and K 3 = K + ΔK, with ΔK = 1, the incremental ratio is equal to the value of the butterfly spread: c(K 1 ) -2c(K 2 ) + c(K 3 ).
Volatility Smiles
As is well known, the implied volatilities are the values of σ which, put in the Black-Scholes-Merton formula, make the theoretical values of the options equal to their market prices. If the Black-Scholes-Merton formula is valid, the implied volatilities should be constant, i.e. they should not change as a function either of the exercise price or of the options' maturity. This is not what actually happens in the options markets.
The actual patterns of volatility surfaces, i.e. the charts which show the implied volatilities as a function of options' maturities and exercise prices, are countless, as are the shapes of volatilities term structures and volatility smiles, i.e. the charts which show the implied volatilities as a function, respectively, of maturities and exercise prices.
The implied volatilities are such important variables for traders that options are sometimes quoted in terms of implied volatilities (under the hypothesis that the underlying model is the Black-Scholes-Merton model), instead of prices. Actually, traders prefer quoting implied volatilities to quoting option prices because implied volatilities are more stable and, as a result, their quotes do not change as frequently.
If there are no arbitrage opportunities, the volatility smile calculated with reference to the prices of calls must be equal to the volatility smile calculated with reference to the prices of puts. Otherwise, the put-call parity would not hold. Therefore, when traders refer to a certain relationship between implied volatilities and exercise prices, they do not have to specify which type of options they are referring to, since the same relationship must hold for calls and puts.
Generally, at least since 1987, the implied volatilities observed in the markets of index options have a shape similar to a skew or a smirk, i.e. a downward-sloping curve as a function of the exercise price.
18
Arbitrages and Arrow-Debreu Prices G. BARONE 59 18 Instead, in the case of currency options, the implied volatility has a minimum for the at the money options and becomes higher and higher as the A model which can explain the downward-sloping shape of index options' volatility smiles is the constant-elasticity-of-variance (CEV) model, when the elasticity is negative. This model has been proposed by Cox (1975). 19 Another model consistent with the negative slope of volatility smiles is the Merton (1974) model, where the dynamics of stock prices depends on the value of the firm's assets and the firm's leverage. However, ceteris paribus, one may prefer the Merton model which, unlike the CEV model, permits an interesting interpretative key: if the stock price rises then the firm's debt-equity ratio decreases and this reduces the volatility of both earnings and stock prices.
Compound Options
In the Merton model, a common stock is a call option written on the firm's assets. As a consequence, call and put stock options are compound options (calls on a call or puts on a call). The stock options can therefore be valued by the Geske formulas (1977) .
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If the stock is a call written on the firm's assets, with exercise price D and maturity T D , then the value of a European call or put option, with exercise price K and maturity T, written on the stock is given by: normal distribution that the first variable is less than a and the second variable is less than b, when the coefficient of correlation between the variables is ρ; V* is the critical value of the firm's assets (at time T) which results in the stock price being equal to K. If the value of the firm's assets is higher than V*, then the call should be exercised. Otherwise, it is the put which should be exercised.
Example 3.1
Let V 0 = 891.9441, D = 1,000, T D = 5, q V = 0.3%, σ V = 2.3%, r = 5%; K = 100, T = 1, where T D is the debt's maturity and T is the maturity of a European call, with exercise price K, written on a stock issued by the firm (Graph 2). In this case, the stock value is 100, the dividend yield is 2.68 percent and the stock's volatility is 20.03 percent. The value of the stock option (a call on a call) is 10.6481.
To calculate the volatility smile which one would observe in the market if traders were using the Merton-Geske model, we have first to determine the theoretical values of call options with different strikes, as in the following The volatilities implied by the theoretical values are reported in Graph 3. As can be seen, the volatility smile has the typical negative slope. On the contrary, the volatility smile would be flat at the 20.03 percent level if traders were using the Black-ScholesMerton model. The implied volatilities of the two models cross at K = 129.8972. 
The Merton Model and Arrow-Debreu Prices
In the Merton model, the state variable is V T . The ArrowDebreu prices are defined by the following state-price density: (13) where:
and N' is the density function of a standardized normal variable.
The state-price density (13) for Example 3.1 (when K = 129.8972) is shown in Graph 4. 
-Estimate of the Merton-Geske Model
As mentioned in the last section, the state-price density can be estimated from the prices of marketable securities. In this section we present the results of an empirical test serving to estimate the state-price densities, for various maturities, implied by the quotes of the S&P 500 index options traded on the Chicago Board Options Exchange, one of the most efficient markets. The state-price densities were estimated consistently with the MertonGeske model.
Arbitrage Opportunities
Before estimating the state-price density consistent with the Merton-Geske model, we made an extensive empirical test, based on intraday data, to detect arbitrage opportunities. The algorithm we used, which solves a linear programming problem, was suggested by Mark Garman.
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Garman calls "hedge portfolios" the portfolios made by long and short positions on forwards, calls and puts, with the same maturity, written on the same asset.
Since a long forward is similar to a long call (or a short put) with a unit probability of exercise and a short forward is similar to a short call (or a long put) with a unit probability of exercise, all the elements of the portfolio are called "options", without any distinction. The options considered are all European.
The payoff of a hedge portfolio is a piecewise linear function of the final value of the underlying asset, given the typical shape of the payoffs of calls, puts, and forwards.
In general, any piecewise linear function with n breakpoints [K 0 (= 0), K 1 , …, K n-1 ] can be disentangled using only two basic functions, the Heaviside "step function" [so called because of the English mathematician Oliver Heaviside ] and the "ramp function". The step function makes it possible to measure the jump of the piecewise linear function at the breakpoint, while the ramp function quantifies the slope's change at that point.
Garman uses six vectors to describe profits (or losses) on the six basic positions (long call, short call, long put, short put, long forward, short forward).
Each vector contains four parameters: the first two multiply the values of the step function at breakpoints K 0 = 0 and K 1 = K, while the last two multiply the values of the ramp function at the same breakpoints.
Garman also defines some surplus variables, whose values are strictly positive only when the hedge portfolio gives a profit. Finally, he sets up a linear programming problem where one has to maximize the sum of surplus variables under the constraint that the portfolio never generates losses.
In the following two examples we show two arbitrage opportunities detected by our Garman-based software.
Example 4.1
The first arbitrage opportunity could have been exploited on April 11, 2007 (11:54 ECT The Garman algorithm detected the following arbitrage portfolio:
The arbitrage profit is equal to the algebraic sum of inflows and outflows associated with the five contracts in the portfolio Obviously, by magnifying the "scale" of the portfolio -for given prices -the profit would have been a multiple of $0.1174667.
The arbitrage portfolio is riskless: its final value is always null, whatever the level of the S&P 500 at the contracts' maturity. This is shown in the following table.
0 81 866467 0 850967 28 921667 109 819
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The absence of risk can also be shown graphically. In Graph 5, there are five thin lines which show, with some overlapping, the final value of the contracts included in the arbitrage portfolio and one thick line, lying on the horizontal axis, which shows the final value of the whole portfolio. The arbitrage portfolio is made up of a long futures and a short synthetic forward, which have the same maturity and the same delivery Contract Quantity S T < 1,000 1,000 ≤ S T < 1,600 1,600 ≤ price. The short synthetic forward, whose delivery price is equal to 1,495.8 (= 0.173667 × 1,000 + 0.826333 × 1,600), was constructed as the weighted average of two synthetic short forwards, whose delivery prices are equal to 1,000 and 1,600, respectively.
Example 4.2
Another arbitrage opportunity could have been exploited on the same day, at 10:24, when the following quotes for contracts maturing on December 19, 2008 were observed: The Garman algorithm detected the following arbitrage portfolio:
The arbitrage profit is equal to the algebraic sum of inflows and outflows associated with the four contracts in the portfolio Obviously, by magnifying the "scale" of the portfolio -for given prices -the profit would have been a multiple of $0.663369.
The arbitrage portfolio is riskless: its final value is always null, whatever the level of the S&P 500 at the contracts' maturity. This is shown in the following The final value of the arbitrage portfolio and its components is shown in Graph 6.
The portfolio is made up of a short zero-coupon bond, whose final value is 922.8, and a long synthetic zero-coupon bond with the same value (922.8 = 1,522.8 -600) obtained by going short on a futures with delivery price of 1,522.8 and long on a synthetic forward (long call plus short put) with delivery price of 600. Contract Quantity S T < 600 600 ≤ S T < 1,000 1,000 ≤ S T -Z 0 -0.922800 -0.922800 × 1,000 -0.922800 × 1,000 -0.922800 × 1,000
Estimation Procedure
In order to estimate the parameters of the Merton-Geske model, we used the quotes of the S&P500 options listed on the Chicago Board Options Exchange on April 11, 2007 (12:04 ECT) . At that date there were 442 listed calls and an equal number of puts. The implied volatilities showed clear smiles. For instance, the implied volatilities of the deep-in-the money calls maturing on June 15, 2007, were equal to about 20 percent while the implied volatilities of the corresponding deep-out-of-the money calls were equal to 7-8 percent (Graph 7).
After checking that there were no arbitrage opportunities, and then a fortiori that the put-call parity held, we restricted the database and used only the calls to estimate the model's parameters.
The S&P500 options listed on the CBOE are European options written on the product of 100 and the index level. On April 11, 2007 (12:04 ECT) , the index level was 1,442.9.
There were 14 option maturities: the shortest options matured after 2 days and the longest after 2 years and 8 months. There were 103 exercise prices, ranging from 600 to 2,000. In order to estimate the model's parameters we used the Excel' Solver to minimize the standard least squares objective function: the sum of the squared deviations between the theoretical and actual values of the options. 23 Among the options we included the index, considered as a standard call, with exercise price D and maturity T D , written on the assets of the S&P500 firms' basket.
The theoretical value, c, of the calls is given by the Geske formula (12). The theoretical value, E 0 , of the index is given by the standard formula of Black-Scholes-Merton. The risk-free interest rates for the maturities of options and debt have been determined in order to have a perfect fit with the prices of 3- The parameters to be estimated are: V 0 : the current value of assets; D: the debt's face value; T D : the debt's maturity; σ V : the asset volatility; q V : the payout ratio of assets. By-products of the estimation procedure are the theoretical level (E 0 ) of the S&P500 index, the index dividend yield (q E ) and the index volatility (σ E ).
First Trial
In our first trial, the problem of minimizing the objective function was solved by imposing three constraints:
1. the theoretical level of the S&P500 index to be equal to its actual level (1,442.9); 2. the index dividend yield to be equal to 1.88 percent (the estimate reported on the site www.indexarb.com);
3. the index volatility to be equal to 15.76 percent (the volatility implied by the longest at-the-money calls).
We did not find a solution.
Second Trial
In our second trial we imposed the constraint that the debt's face value, D, be equal to 1,000, a level comparable with the level of equity (1,442.9). We also set the debt's maturity, T D , to 5 years, to be consistent with the standard used in the credit derivatives market.
The choice of a 5-year maturity for the debt is supported by the results obtained by Geske and Zhou (2009) in an extensive empirical analysis of the Merton-Geske model. 25 These authors meticulously used each firm's balance sheet to find exogenous values for the debt and its duration. 26 Instead, our estimates of V 0 = 2,351.12, q V = 1.13 percent, σ V = 9.67 percent are based on ad hoc values for both the debt and its duration (F = 1.000, T D = 5). This is a key point which affects our results.
The debt's current value, equal to the difference between the asset value, V 0 , and the equity value, E 0 , was equal to 908.2 (= 2,351.12 -1,442.9). Therefore, the share of the assets pertaining to bondholders was equal to the 38.6 (= 908.2 / 2,351.12) percent.
The estimate of q V shows that 1.13 percent of the assets is used each year to pay the dividends to the shareholders.
The asset volatility, σ V , is a measure of the business risk faced by the corporations. The level of σ V , equal to 9.67 percent, is about 2/3 of the risk of a well-diversified financial investment, measured by the index volatility (15.76 percent).
The standard error, defined as the standard deviation of the differentials between the actual and theoretical values of the Arbitrages and Arrow-Debreu Prices G. BARONE 73 25 The cited paper was unknown to me when I wrote the thesis which this essay is taken from. According to GESKE R. -ZHOU Y. (2009, page 9, text and footnote 12), the average duration of debt is close to 5 years: «The resultant average daily duration of aggregate debt in the aggregate balance sheet for the 500 firms in the S&P index is 4.71 years during the 100 month period in 1996-2004. ... We also find that the variation in aggregate debt duration is small and bounded between 4.5 and 5.1 years, respectively. This implies that our stylized model placing aggregate debt at a specified duration should work well». 26 The nominal value of the firm's complex debt structure has been approximated by aggregating different balance-sheet items, classified according to their maturity. See GESKE R. -ZHOU Y. (2009, page 17) : «The balance sheet information we collect comes from S&P's annual and quarterly Compustat. This book value of debt data is categorized as due in years 1 through 5 (Data 44, 91, 92, 93, 94) , and greater than 5 (Data 9 minus items 91-94), which we place at 7 years. To these categories we add current liabilities (Data 5), deferred charges (Data 152), accrued expenses (Data 153), short term notes payable, deferred federal, foreign, and state taxes (Data 206, 269, 270, 271) , all payable in year 1. All longterm debt tied to prime (Data 148) and debentures (Data 82), we place in year 7, respectively. 23 {This follows from Guedes and Opler (JF, v51, 5, 1996) , page 1818, who provide evidence that the mean (of 7,362 issues) duration of long term US corporate debt is 7 years during the time period [1982] [1983] [1984] [1985] [1986] [1987] [1988] [1989] [1990] [1991] [1992] [1993] .} The debt due on each day in each quarter of each year for the S&P 500 firms is the sum of the debt due for all 500 firms for that day in that quarter of that year».
contracts, was equal to 17.7, i.e. 10.5 percent of the average price of the options (169.4).
Third Trial
To reduce the standard error, in our third trial we eliminated the three constraints for E 0 , q V and σ V that we mentioned at page 24, while maintaining D = 1,000 and T D = 5. After this, the standard error fell to 10.5 and the "unconstrained" estimates of the parameters were as follows: V 0 = 2,350.3 (compared with 2,351.12), q V = 1.19 percent (1.13), σ V = 7.01 percent (9.67), E 0 = 1,435.9 (1,442.9), q E = 1.99 percent (1.88) and σ E = 11.48 percent (15.76).
By decreasing the value and volatility of the assets and increasing the payout ratio, the algorithm reduced the theoretical value of the options (thus lowering the standard error) and brought the average error almost to zero, after it had been negative in the previous trials (thus signaling that the market was undervaluing the calls with respect to the model).
However, the errors continued to show a clear pattern, being positive for the shortest maturities and negative for the longest. According to the model, the quotes of the shortest-maturity calls should be lower and those of the longest calls should be higher.
Based on the put-call parity, the market underpricing of the longest calls entails the overpricing of the corresponding puts. It therefore seems that the market assigned a higher probability than the model to the reduction of stock prices for the longest maturities, consistently with the crash-o-phobia hypothesis of Rubinstein (1994) However, we should also consider the possibility that the quotes for long-maturity options do not signal information, since their liquidity is quite low. The arbitrage opportunities we detected support this hypothesis.
Arrow-Debreu Prices
Finally, by using the formula (13), we estimated the state-price densities for the 14 maturities of the S&P500 options listed on the CBOE (Graph 8). Naturally, the flattest density functions refer to the longest maturities. 
-Conclusions
In this work we proposed a two-stage parametric method to extract information from the quotes of S&P500 options.
In the first stage, the linear-programming algorithm proposed by Mark Garman has been used to check for the absence of arbitrage opportunities. In the second stage, we estimated the parameters of the Merton model by using the Geske formula and considering the S&P500 index options as compound options (calls on a call or puts on a call), written on the value of the assets of the firms included in the S&P500 underlying basket. The estimates made it possible to calculate the state-price densities for all the options' maturities.
The Merton-Geske model, which is consistent with the hypothesis of an inverse relation between the level of equity prices and their conditional volatility, allows interesting indications to be extracted from options' quotes on the leverage and business risk of the underlying corporations. Our estimates represent a novelty for the literature on options, analogously to those reported by Geske and Zhou (2009) in an extensive empirical analysis which highlights the key role played by leverage in option pricing.
